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Abstract
The electron dynamics in counter-propagating laser waves is investigated by employing a novel
approach, where the new Hamiltonian is time-independent when the perturbative laser wave is
absent. The physical picture of stochastic electron dynamics is clearly revealed and the threshold
values of the amplitude of the perturbative laser field for triggering stochastic electron acceleration
are derived for different laser polarization directions and initial electron momentum. It demon-
strates that the dephasing rate (new Hamiltonian) between the electron and the dominant laser
can be randomly reduced if the amplitude of the perturbative laser is above the threshold such
that the electron could be accelerated by the dominant laser well beyond the ponderomotive en-
ergy scaling. The impact of a superluminal phase velocity is examined, which slightly changes the
stochastic region in Hamiltonian space if the superluminal phase velocity is under a threshold value
but significantly decreases the maximum electron kinetic energy. All the analytic considerations
are confirmed by the numerical simulations.
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I. INTRODUCTION
The generation of energetic electrons through laser-plasma interaction, which relies on
energy conversion from the laser radiation to electrons, has been the subject of many the-
oretical and experimental studies due to their potential applications. Many mechanisms
of electron acceleration have been proposed, including laser wake-field acceleration [1–5]
and direct laser acceleration with the assistance of different configurations of quasi-static
electromagnetic fields [6–12], etc.
One kind of direct laser acceleration is to consider electrons in multiple laser pulses [13–
19], where the mechanism of electron acceleration can be attributed to an onset of stochastic-
ity when the amplitudes of the perturbing (weaker) laser waves exceed some threshold values
[16–19] and the maximum electron energy can be well beyond the ponderomotive scaling. It
was shown that the most efficient stochastic heating is to consider two counter-propagating
laser waves [17, 18]. Such configuration of two laser beams can be due to the reflection of
the dominant incident laser beam from the target surface [20] or Raman backscattering.
However, due to the multidimensional spatio-temporal characteristics of the laser waves
and strong nonlinearity of the dynamics of relativistic electrons in these waves, the analytic
investigations of stochastic electron acceleration in the colliding laser waves in earlier studies
are rather limited and the approaches used are quite complicated [16, 18, 21–24], while the
numerical simulations, which can shed some light on the criterion for stochastic electron
motion in multiple laser waves [17–19], are only valid within the simulated parameter range.
Therefore, more complete theoretical analysis is needed to have a better understanding of
the electron dynamics in the counter-propagating laser waves.
Recently, it was shown that, by employing the integrals of motion for electrons in laser
and quasi-static electromagnetic fields, the electron dynamics can be described by the 3/2 di-
mensional (3/2D) Hamiltonian approach [25, 26], which has greatly simplified the analysis of
electron dynamics [27, 28] and the boundary of electron energy due to the stochastic motion
was obtained by finding the Chirikov-like mapping [29]. Such method has been extended to
the case of electrons in the colliding laser waves [30] by employing proper canonical variables
and effective time, such that the new Hamiltonian becomes time independent when the per-
turbative laser wave is absent, where the electron dynamics for luminal planar laser waves,
which are linearly polarized in the same direction, and transverse canonical momentum be-
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ing zero was exhaustively examined. It demonstrated that the electron energy gained from
a relativistic laser wave via the stochastic acceleration due to the presence of a perturbative
counter-propagating laser wave can greatly exceed the ponderomotive energy scaling, where
the essential role of the perturbation is to change the dephasing rate (new Hamiltonian)
between the electron and dominant laser.
This work is devoted to extending investigation of electron dynamics in the colliding
laser waves by considering different laser polarization directions, initial electron canonical
momentum and an impact of superluminal phase velocity. Following [16–18, 24, 30], we will
consider the case where one of the counter-propagating laser waves is much stronger than
the other one, which thus can been taken as a perturbation.
The remainder of this paper is organized as follows. The new Hamiltonian equations
will be introduced in section II and the unperturbed electron trajectories are examined.
Section III will investigate the conditions for stochasticity for different laser polarization
directions and initial electron momentum. An impact of the superluminal phase velocity
will be discussed in section IV and numerical simulations by directly integrating electron
equations of motion will be presented in section V. The main results will be summarized
and discussed in section VI.
II. NEW HAMILTONIAN EQUATIONS AND UNPERTURBED ELECTRON
TRAJECTORIES
In this section, we will summarize the main idea of how to find the new Hamiltonian
[30] and then examine the unperturbed electron trajectories in this new framework. To
this purpose, in the following, the dimensionless variables will be used, where r and t are
normalized, respectively, by the dominant laser wavenumber k and kc (c is the speed of light
in vacuum). The normalized parameter of the laser wave, described by a vector potential
A, is eA/mc2, where −e and m are the electron charge and mass.
We assume that the dominant laser wave propagates along z direction and is described
by the vector potential of A(vpt− z) (vp ≥ 1 is the normalized phase velocity), whereas the
perturbative laser wave is described by A1(vpt + z), both of which are arbitrarily polarized
in x and y directions. Then the electron dynamics can be described by the Hamiltonian:
H ≡ γ = [1 + (P+A+A1)]1/2 , (1)
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where γ is the relativistic factor and P = γv−A−A1 is the canonical momentum. It is easy
to show that for such laser field, the canonical momentum in x, y directions (denoting as P¯x
and P¯y) are conserved so that the Hamiltonian in equation (1) is effectively two dimensional.
From equation (1), we can introduce new variables of η = vpt − z, χ = γ + vpPz and time
τ = vpt + z, such that the electron dynamics can be described by a new Hamiltonian
H(χ, η, τ) ≡ γ − vpPz. One can show that η = vpt − z and χ = γ + vpPz are canonical
variables provided that
ηdχ−Hdτ = 2(Pzdz −Hdt), (2)
is hold [31]. The new Hamiltonian can be found as
H(χ, η, τ) =
2vp
v2p − 1
√
χ2 + (v2p − 1)P 2⊥ −
v2p + 1
v2p − 1
χ, (3)
where P 2
⊥
= 1 +
∑
i=x,y
[
P¯i + Ai(η) + A1i(τ)
]2
, while the Hamiltonian equations read
dχ
dτ
=
∂H
∂η
, and
dη
dτ
= −∂H
∂χ
. (4)
This new Hamiltonian equations, which can also be obtained from the electron equations of
motion, will greatly simplify our analysis in comparison with the multidimensional Hamil-
tonian [16, 24] based on equation (1).
For simplicity, we first consider the luminal case vp = 1, while the impact of superluminal
phase velocity, which mimics the impact of plasma, will be qualitatively discussed in section
IV and then numerically investigated in section V. The linearly polarized planar laser waves
will be used in the following analysis, i.e., A = asin(η)ex and A1 = a1sin(k1τ)ex or A1 =
a1sin(k1τ)ey depending on the relative polarization directions of the counter-propagating
waves, where a1 ≪ a and k1 is the ratio of the perturbative laser frequency (or wavenumber)
to that of the dominant one. Then, the Hamiltonian in equation (3) degenerates to
H =
1 +
[
asin(η) + δxa1sin(k1τ) + P¯x
]2
+
[
δya1sin(k1τ) + P¯y
]2
χ
, (5)
where δx,y = 0 or 1 are switches to controlling the perturbative laser polarization direction.
Keep in mind that we are interested in the gain of maximum electron kinetic energy, γmax,
which can be expressed in the terms of H , for vp = 1, as follows:
γmax ≡ χ+H
2
≈ 1
2
(
Ep
H
+H
)
, (6)
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where Ep = 1 + (a + |P¯x|)2 + P¯ 2y . Note that the ponderomotive scaling for pre-accelerated
electron in the dominant laser wave only is Ep/H0, where H0 is the conserved dephasing
rate (which corresponds to the initial Hamiltonian in the present problem). Therefore, γmax
can significantly exceed the ponderomotive scaling either for Hmin < H0 (which corresponds
to the electron moving along the dominant laser propagation direction and energy gain
ratio is H0/Hmin) or for Hmax > Ep/H0 (where the electron moves along the perturbative
laser propagation direction and energy gain ratio is HmaxH0/Ep). The latter case requires
k1 ≫ a≫ 1 [30], which is not considered in this paper.
For the unperturbed problem (a1 = 0), the new Hamiltonian is conserved and from
equations (4, 5) we find the following implicit dependence η(τ) (we note that η increases
with τ provided dη/dτ > 0):
τ =
2P¯ 2 + a2
4H2
[
2η − a
2sin(2η)
2P¯ 2 + a2
− 8aP¯xcos(η)
2P¯ 2 + a2
]
+ const., (7)
where P¯ 2 = 1 + P¯ 2x + P¯
2
y ; and χ depending on time τ :
χ =
1 +
[
asin(η) + P¯x
]2
+ P¯ 2y
H
. (8)
From equation (7) one can find the frequency of unperturbed oscillation of electron canonical
coordinate χ:
ω =
2pi
T
=
2H2
2P¯ 2 + a2
, (9)
where T = τ(η = 2pi)−τ(η = 0) is the period of electron oscillation. Therefore, the presence
of P¯x,y will decrease (increase) the frequency (period) of electron oscillation via P¯
2 and alter
the electron trajectories as shown in equations (7, 8).
From equation (5) one can find that, for relativistic case a > 1 (which we will consider in
the following), unperturbed (or weakly perturbed) electron trajectories have characteristics
of zig-zag time dependence of canonical coordinate χ (e.g., see the upper panel of figure 1).
This feature of electron trajectories enables a long tail of the distribution of the amplitude
of harmonics, making stochastic electron motion possible. Also, from equation (5) it follows
that the strongest impact, “kicks”, on both H and canonical variables by the perturbative
laser occurs at a very short time near the local minimum of χ (e.g., see figure 2), where the
phase between electron and backward laser wave is locally minimized and η undergoes jump
[30]. The positions of minima of χ depend both on P¯x and a: when |P¯x| < a, χ is minimized
5
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FIG. 1. Schematic view of electron trajectories for a = 5, k1 = 1, P¯y = 0, and different P¯x. For
P¯x = 0 or 1, H = 0.3 and for P¯x = 6, H = 0.5.
at η1 = (2n + 1)pi + φ and η2 = 2npi − φ, where φ = sin−1(P¯x/a) and n is an integer;
whereas, for P¯x > a (P¯x < −a), the minima of χ are obtained only at η3 = −pi/2 + 2npi
(η4 = pi/2 + 2npi).
III. THRESHOLD FOR STOCHASTIC ELECTRON MOTION
The unperturbed electron motion could resonate with the perturbative laser wave when
mω = k1 (where m is the harmonics of unperturbed electron motion) as seen from equa-
tion (5). When ω ≪ k1, overlapping of the separatrices of neighbouring resonant islands,
K¯ = (δω+δω′)/2∆ω > 1, where δω and δω′ are their widths and ∆ω is the distance between
them, is possible and stochastic heating occurs [32]. The condition for an onset of stochas-
ticity for the case ω/k1 ≪ 1 can also be found by using equivalent, but more convenient
Chirikov-like mapping deduced from electron equations of motion, which will be mainly used
in the following.
As discussed in the last section, the kicks due to the perturbative laser of H takes place
at a short time near the local minimum of χ (e.g., see figure2). Except these short periods of
time τ where η ≈ η1,2 for |P¯x| < a and η ≈ η3 (η4) for P¯x > a (P¯x < −a), the electron “sees”
only fast phase change of the backward laser wave due to large χ = γ + Pz and, therefore,
undergoes adiabatic oscillation. Therefore, the Chirikov-like mapping can be formed by
6
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FIG. 2. Schematic view of diffusion of Hamiltonian (solid blue) and corresponding χ (dash-dot
red) for a = 5, a1 = 0.2, k1 = 1, P¯y = 0, and P¯x = 1.
using the Hamiltonian Hn and time τn, when the electron passes through the nonadiabatic
region. Such mapping corresponds to the Poincare´ section of electron crossing effectively
“fixed” canonical momentum (η) plane. Let’s assume that the change of the Hamiltonian due
to each nonadiabatic interaction of electron with the perturbative wave is smaller than the
Hamiltonian itself, i.e., ∆H = |Hn+1 −Hn| ≪ Hn, then the unperturbed electron trajectory
Hn(η, χ) can be used to estimate the variation of Hamiltonian due to each kick [33]:
∆Hn ≡ Hn+1 −Hn =
∫
η≈ηi
∂H
∂τ
dτ, i = 1, 2 or 3 or 4. (10)
A. Counter-propagating waves with same polarization direction
We first consider the case where the perturbative laser is polarized along the dominant
one, i.e., A1 = a1sin(k1τ)ex such that δx(δy) = 1(0) in equation (5). Under the condition
of a1 ≪ a, we could keep the leading term of ∂H/∂τ = 2a1k1
[
asin(η) + P¯x
]
cos(k1τ)/χ.
The fact that the main contribution to Hamiltonian variation is from η ≈ ηi, i = 1, 2, 3, 4
enables us to do the expansion of the integrand in equation (10) with respect to η− ηi. For
the case of |P¯x| < a, we have
∆Hn
Hn
= ± 2a1β
1/2
(1 + P¯ 2y )
1/2
sin(k1τn)
∫
∞
−∞
η˜sin
(
βη˜ +
1
3
η˜3
)
dη˜, (11)
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where η˜ = (η − npi)/α, α = (H2n/k1a2cos2φ)1/3 ∼ (ω/k1)1/3 ≪ 1, β = (k1/H2na)2/3(1 +
P¯ 2y )/cos
2/3φ, and the “+” (“-”) sign denotes the variation of H at η1 (η2). It should be
noted that the fast oscillation for η˜ >˜1 justifies the extension of the integration limits to
infinity and the nonadiabatic interaction of electron motion with backward laser occurs at
|η − npi| < α≪ 1 (|η˜|<˜1).
The integral in equation (11) could be expressed with the derivative of Airy function,
Ai′(β), so we have
∆Hn = ±4pia1β
1/2Ai′(β)
(1 + P¯ 2y )
1/2
Hnsin(ψn), (12)
where ψ ≡ k1τn. Taking into account the properties of the Airy function, it follows that the
requirement of ∆H < Hn is always satisfied for a1<˜1.
If P¯x = 0, the time interval between η1 and η2 is half of the electron oscillating period,
i.e., τ(η1) − τ(η2) = T/2, such that the phase interval between two consecutive kicks is
determined by the Hamiltonian:
∆ψn ≡ ψn+1 − ψn = k1T/2 =
pik1
[
2(1 + P¯ 2y ) + a
2
]
2H2n+1
. (13)
As a result, rearranging equations (12, 13) could form symplectic mapping conserving phase
volume and allow us to find the condition for an onset of stochasticity
Kx ≡
∣∣∣∣ d∆ψndHn+1
d∆Hn
dψn
∣∣∣∣ = 4pi
2aa1
[
2(1 + P¯ 2y ) + a
2
]
β2|Ai′(β)|
(1 + P¯ 2y )
2
>˜1. (14)
It follows that the presence of P¯y only provides a factor less than unity and, therefore,
will increase the threshold of a1 (Kx ≈ 1) for triggering stochastic motion, whereas it
doesn’t change the basic features of stochastic electron dynamics. This is because P¯y simply
increases the effective electron mass. Then, following [30] by using the property of f(β) ≡
4pi2β2|Ai′(β)|, we find that the stochastic acceleration is only possible for a1 > asx, where
asx ≈
0.11(1 + P¯ 2y )
2
a
[
2(1 + P¯ 2y ) + a
2
] , (15)
and the stochastic acceleration occurs in the vicinity of H ≈ Hsx (β ≈ 1.68 for f(β) reaching
its maximum), where
Hsx ≈ 0.68(1 + P¯ 2y )3/4
(
k1
a
)1/2
. (16)
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The expressions for lower and upper boundaries of the stochastic region [30] remain un-
changed with the presence of P¯y:
Hxmin ≈
Hsx√
1.6 + 0.69ln (a1/axs)
, and Hxmax ≈ 1.5
(
a1
asx
)3/8
Hsx, (17)
where Hxmin has a weak logarithmic dependence on the ratio a1/asx > 1. However, given
that asx and Hsx increase with P¯y, we find that the lower (upper) boundary of stochastic
region increases (decreases) with the presence of P¯y. Therefore, the ratio of the maximum
electron kinetic energy over the ponderomotive scaling decreases as seen from equation (6).
However, an impact of P¯x on the stochastic condition is more complex providing that it
not only changes the effective electron mass but also increases the energy exchange between
electron and laser through the work done by the laser electric field in x-direction. Considering
that the time interval from η1 to η2 is different from that from η2 to next η1 for 0 < |P¯x| < a
(e.g., see figure 1), the method of Chirikov-like mapping to find the stochastic condition
is not convenient, but we could resort to the method of island overlapping. As shown in
Appendix A, we could find the stochastic condition as
K¯2 = a1
16m2
(2P¯ 2 + a2)
∑
h=0,±1
[
ha+ 2δ0hP¯x
]
Cm−h
[
ma2
2(2P¯ 2 + a2)
,
4maP¯x
2P¯ 2 + a2
]
>˜1, (18)
where m ≡ k1/ω is the resonant harmonics, δji is the Kronecker symbols, and CN (α, β) is
the generalized Bessel function [24, 34]. Notice that similar results were obtained in [19, 24]
by using multidimensional Hamiltonian methods. For P¯x = 0, one can show that Kx ≈ K¯2.
Then, we can define K¯2 ≡ a1g(m), where g(m) shows how K¯2 varies with different m
and thus H (e.g., see figure 3). As a result, the threshold of stochastic instability requires
a1 > (max{g(m)})−1. As we can see from figure 3, for |P¯x|<˜a, the maximum value of g(m)
increases with the presence of P¯x and thus the threshold value obtained in equation (15) for
P¯x = 0 decreases. Whereas for |P¯x| ≫ a, the peak of g(m) decreases with increasing |P¯x|,
which is eventually smaller than that for P¯x = 0 meaning that the effect of increasing the
effective electron mass becomes dominant. Notice that there could be multiple stochastic
peaks for |P¯x|<˜a and from equation (18) the result is symmetric with respect to P¯x = 0.
On the other hand, we notice that both the lower and upper stochastic boundaries in H
(g ∼ 1/a1) shifts toward larger H . Therefore, the ratio of the maximum electron kinetic
energy gained from stochasticity over the ponderomotive scaling, H0/H
x
min for k1 ∼ 1,
9
will decrease with the presence of P¯x (although H
x
max increases with |P¯x|, the energy gain,
HmaxH0/Ep for k1 ≫ 1, will also decreases given that EP grows faster than Hxmax).
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FIG. 3. Schematic view of g [m(H)] = K¯2/a1 versus H for
different P¯x, where a = 5, k1 = 1, and P¯y = 0.
B. Counter-propagating waves with orthogonal polarization directions
Then we consider the case where the colliding laser waves have orthogonal polarization
directions, i.e., A1 = a1sin(k1τ)ey such that δy(δx) = 1(0) in equation (5). For this case, we
have ∂H/∂τ = 2a1k1
[
a1sin(k1τ) + P¯y
]
cos(k1τ)/χ, where we kept the second order term of
a21sin(k1τ)cos(k1τ) for general P¯y. In the following, we take P¯x = 0. Similar to the former
case, we can do expansion of τ with respect to η − ηi when estimating the Hamiltonian
variation in the nonadiabatic region. As a result, we have
∆Hn =
2pia21βAi(2
2/3β)
(1 + P¯ 2y )
Hnsin(2ψn) +
4pia1P¯yβAi(β)
(1 + P¯ 2y )
Hnsin(ψn), (19)
whereas the time interval between two consecutive kicks is given in equation (13).
For P¯y = 0, we see that the phase in equation (19) corresponding to Chirikov-like mapping
is twice that in equation (12) for A1 polarized along with A. As a result, the stochastic
10
condition can be found from equations (12, 19) as
Ky = 4pi
2aa21(2 + a
2)β5/2|Ai(22/3β)|>˜1. (20)
Introducing the function f2(β) = 4pi
2β5/2|Ai(22/3β)|, we find that f2(β) first increases with
β for β < βsy ≈ 1.10; reaches its maximum, fmax ≈ 2.55, at βsy; and then falls exponentially
at β > βsy (e.g., see Ref. 35) as
f2(β) ≈ 25/6pi3/2β9/4exp
[−(4/3)β3/2] . (21)
One can show that for β < βsy, f2 can also be approximated by the expression (21) except a
factor of order of unity. As a result, from equation (20) we find that stochastic acceleration
is only possible for a1 > asy, where
asy =
[
f−1max
a(2 + a2)
]1/2
≈ 0.63
[a(2 + a2)]1/2
, (22)
and the stochastic acceleration occurs in the vicinity of H ≈ Hsy (β ≈ βsy), where
Hsy ≈ 0.93
(
k1
a
)1/2
. (23)
It follows that the threshold in equation (22) is larger than that in equation (15) for the
case of parallel polarized laser waves.
For a1 ≫ asy, stochastic acceleration becomes possible within the range of H : Hymin <
H < Hymax, where H
y
max and H
y
min could be found by using equation (21) of the function
f2(β). Notice that the inequalities a≫ a1 ≫ asy could be satisfied for a≫ 1, under which
we obtain:
Hymin ≈
Hsy√
1.56 + 1.30ln (a1/asy)
, (24)
and
Hymax ≈ 1.35
(
a1
asy
)2/3
Hsy, (25)
where we have taken the numeric factor into account when using equation (21) for β < βsy.
Considering that asy is much lager than asx, H
y
min (H
y
max) is relatively lager (smaller) than
Hxmin (H
x
max) for the same a and a1 (P¯x,y = 0). Therefore, the maximum electron kinetic
energy in equation (6) for two lasers being orthogonally polarized is smaller than that for
two lasers being parallel polarized when P¯x,y = 0.
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On the other hand, if |P¯y| ≫ a1, the variation of Hamiltonian in equation (19) is mainly
determined by the second term and the stochastic condition reads
K¯y =
4pi2a1aP¯y
[
2(1 + P¯ 2y ) + a
2
]
β5/2|Ai(β)|
(1 + P¯ 2y )
5/2
>˜1. (26)
As a result, we could find the stochastic condition by using f3(β) = 4pi
2β5/2|Ai(β)| as:
a1 > a¯sy =
0.12(1 + P¯ 2y )
5/2
aP¯y
[
2(1 + P¯ 2y ) + a
2
] , (27)
and the most unstable Hamiltonian:
H¯sy ≈ 0.66(1 + P¯ 2y )3/4
(
k1
a
)1/2
. (28)
It follows that the threshold in equation (27) is smaller than that in equation (22) for P¯y = 0
if |P¯y|<˜a3/8 and even comparable with asx when |P¯y|>˜1. However, considering that the lower
boundary of stochastic region has a weak dependence on a1/a¯sy:
H¯ymin ≈
H¯sy√
1.68 + 0.65ln (a1/a¯sy)
, (29)
the increase of H¯sy with P¯y will make H¯
y
min above H
y
min for P¯y = 0 in equation (24). As a
result, the ratio of the maximum electron kinetic energy against the ponderomotive scaling,
H0/Hmin, decreases. The upper boundary of stochasticity is obtained as
H¯ymax ≈ 1.32
(
a1
a¯sy
)1/3
H¯sy, (30)
which is above Hymax providing that both P¯y and a1/a¯sy have larger values.
IV. IMPACT OF SUPERLUMINAL PHASE VELOCITY
In this section, we examine the impact of superluminal phase velocity, vp > 1, on the
stochastic electron dynamics assuming that P¯x,y = 0. For this purpose, we should again
consider the unperturbed electron trajectories with conserved H , which, from equation (3),
reads
χ =
2vp
√
H2 + (v2p − 1)(1 + a2sin2η)
v2p − 1
− (v
2
p + 1)H
v2p − 1
. (31)
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Therefore, χ reaches its maximum and minimum at, respectively, η = pi/2+ npi and η = npi
as
χmax =
2vp
√
H2 + (v2p − 1)(1 + a2)
v2p − 1
− (v
2
p + 1)H
v2p − 1
,
χmin =
2vp
√
H2 + v2p − 1
v2p − 1
− (v
2
p + 1)H
v2p − 1
. (32)
It follows that both χmax and χmin decrease with increasing H and so is γmax = (χmax +
H)/2 ≈ χmax/2 (we consider k1 ∼ 1 such that γmax is dominated by the first term). There-
fore, the maximum electron kinetic energy is obtained at the lower boundary (Hmin) of the
stochastic region. Noticing that ∂H/∂τ is maximized at χmin, we know that the strongest
impact of the perturbative laser on electron motion for superluminal case also occurs at χmin
corresponding to η ≈ npi for P¯x = 0. On the other hand, the period of electron oscillation is
given by
T/2pi =
v2p + 1
v2p − 1
− 4vpHK(b
2)
pi(v2p − 1)
√
H2 + (v2p − 1)(1 + a2)
, (33)
where K(b2) ≡ ∫ pi/2
0
dη√
1−b2cos2η
is the complete elliptic integral of the first kind and b2 =
(v2p − 1)a2/[H2 + (v2p − 1)(1 + a2)].
Then when H>˜
√
(v2p − 1)(1 + a2) such that K(b2 ≪ 1) ≈ (1 + b2/4)pi/2, the electron
oscillation period T in equation (33) is approximate to that for the luminal case, so are the
extrema of χ in equation (32). As a result, the electron trajectories and thus the variation
of Hamiltonian ∆H in equation (10) remains almost unchanged compared with those of
luminal case. Then the stochastic region with
√
(v2p − 1)(1 + a2)<˜H is not affected by the
superluminal phase velocity. It follows that if the lower boundary of the stochastic region
Hmin for the luminal case satisfies such condition, i.e.,
√
(v2p − 1)(1 + a2)<˜Hmin, the impact
of vp > 1 on both H and electron kinetic energy is negligible.
On the other hand, when Hmin ≪
√
(v2p − 1)(1 + a2), from equation (33) we see that
T has an approximately linear dependence on H for H ≪
√
(v2p − 1)(1 + a2), so that
|d∆ψn/dHn+1| ≈ 12vpk1/(v2p − 1)
√
(v2p − 1)(1 + a2) is a constant where we use K(b2 →
1) = ln(4/
√
1− b2) ≈ 3 (notice that the dominant term of T is the first one on the right
hand side of equation (33) such that its value remains almost unchanged with H). The vari-
ation of H in the nonadiabatic region for small H can be estimated as ∆H ∼ aa1(vp− 1)1/6
from equations (3, 31). Then the stochastic parameter in equation (14) is a constant value
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as Ks ∼ a1/(vp − 1)4/3 for |H| ≪
√
(v2p − 1)(1 + a2), where a factor of order of unity has
been omitted. It follows that a threshold value of vp, vps − 1 ∼ a3/41 , exists such that for
vp < vps, the region of |H| ≪
√
(v2p − 1)(1 + a2) is stochastic and the lower boundary of
the stochastic region in luminal case can extend to negative H ≫ −
√
(v2p − 1)(1 + a2) (for
further negative H the stochasticity is impossible since χ increases smoothly from χmin such
that the zig-zag temporal dependence of χ is eliminated); whereas for vp > vps, the stochas-
ticity in small H region is terminated. The maximum electron kinetic energy for the latter
case is rather limited, while for the former case (vp < vps), taking into account that χmax
and thus γmax weakly depends on H for |H| ≪
√
(v2p − 1)(1 + a2), it can be estimated as
γmax ≈ χmax(H = 0)/2 = vp
√
(1 + a2)/(v2p − 1). (34)
It shows that the maximum electron kinetic energy for superluminal case is much smaller
than that for the luminal case, γmax ≈ Ep/2Hmin as shown in equation (6), even though
the stochastic regions in H space are almost the same. Moreover, for the superluminal
case, the amplitude of oscillation of electron in the adiabatic region, δH ∼ 2a1
√
v2p − 1, is
approximately a large constant, whereas for luminal case, it decreases with decreasing H .
These conclusions are confirmed by the numerical simulations presented in the next section.
V. NUMERICAL SIMULATIONS
To verify the results of our analytical considerations, we integrate equations (3-5) numer-
ically and present the results in the Poincare´ maps of (H , ψ) or (γ, ψ), when η = 2npi+pi/2,
where χ and thus γ = (χ+H)/2 reaches their maximum in one unperturbed electron period
(here we use P¯x,y ≥ 0). Notice that even though for P¯x = 0 the unperturbed period is
∆η = pi, we use ∆η = 2pi instead in all the mappings considering the general case with P¯x).
Shown in figure 4 are the results for counter-propagating lasers with same polarization
directions, where the parameters are a = 5, k1 = 1, and different P¯x,y and a1. As one can
see, a stochastic “sea” is bounded by the KAM invariant [32] at Hxmin and H
x
max, which fully
agree with equation (17) for P¯x = 0. As seen from figure 4(a) and 4(b), the presence of P¯y
increases the lower boundary of the stochastic region and thus decreases the energy gain
ratio. Comparing figure 4(a) with figure 4(c) where a1 is different, we confirm that H
x
min has
a weak dependence on a1 being above the threshold value asx. From figure 4(c) and 4(d), we
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FIG. 4. Poincare´ mappings of (H, ψ) at η = 2npi + pi/2 for a = 5, A1 = a1sin(τ)ex (k1 = 1) and
different a1, P¯x,y, where ∆ψ ≡ ψ − [ψ/2pi] × 2pi. (a) a1 = 0.2, P¯x = 0 and P¯y = 0; (b) a1 = 0.2,
P¯x = 0 and P¯y = 2; (c) a1 = 0.005, P¯x = 0 and P¯y = 0; (d) a1 = 0.005, P¯x = 5 and P¯y = 0.
see that both the lower and upper boundaries of the stochastic region become lager (while
the corresponding maximum electron kinetic energy gain ratio becomes smaller) with the
presence of |P¯x| > 0 , which agrees with the prediction from figure 3.
In figure 5 we show the results for the case where the polarization direction of the pertur-
bative laser is orthogonal to that of the dominant one. The parameters are the same with
those in figure 4(a) with different choices of P¯y. It demonstrates that the lower and upper
stochastic boundaries are, respectively, in agreement with equation (24) and equation (25)
for P¯y = 0, and with equation (29) and equation (30) for P¯y ≫ a1. For all the cases, the
maximum electron kinetic energy is consistent with equation (6).
Figure 6 shows the results for the same conditions with figure 4(a) but for superluminal
case with different vp > 1 as well as the Poincare´ mapping of (γ, ∆ψ) corresponding to
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FIG. 5. Poincare´ mappings of (H, ψ) at η = 2npi + pi/2 with the same definition of ∆ψ with
figure 4 for a = 5, A1 = 0.2sin(τ)ey (k1 = 1), P¯x = 0 and (a) P¯y = 0; (b) P¯y = 2.
figure 4(a) for luminal case. Note that the lower boundary of the stochastic region for
luminal case satisfies Hmin ≪
√
(v2p − 1)(1 + a2). Comparing with figure 4(a), figure 6(a)
shows that, for relatively small vp, the stochastic region in H remains almost unchanged for
large H whereas the lower boundary of the stochastic region can extend to negative H with
small magnitude. However, some new stability islands appear for the superluminal case.
From figure 6(b) (where the stochastic region is denoted by the black dots and the stability
islands are depicted by the yellow triangles), we see that the number and scale of these
stability islands increase with vp but the electron in the stochastic region can still reaches
H ≈ 0 for vp < vps. Further increasing of vp such that vp > vps will eventually terminate
the possibility of the stochastic acceleration of electrons (vps ≈ 1.3 for these simulations
of a1 = 0.2). Even though the change of the stochastic region in H for vp < vps is small,
the maximum electron kinetic energy is significantly decreased by the superluminal phase
velocity (e.g., see figure 6(d) and 6(e) for vp = 1.1 and vp = 1, respectively). Recalling
that H ≈ 0 is accessible as long as stochastic region exists and γmax is insensitive to small
H , the maximum electron kinetic energy (e.g., see figure 6(d)) can be well predicted by
equation (34). In figure 6(f) we sketched the evolution of H for vp = 1.1, which confirms that
for small H ≪
√
(v2p − 1)(1 + a2), the electron oscillation period remains almost unchanged
unlike the luminal case shown in figure 2. We can also see the large variation of H due to
the kicks and approximately constant large oscillation of H in the adiabatic region, which
is consistent with the estimates in last section.
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FIG. 6. The Poincare´ mappings of (H, ψ) for the same conditions with figure 4(a) but for (a)
vp = 1.1; (b) vp = 1.2; and (c) vp = 1.3. The mappings of (γ, ψ) are shown in (d) for vp = 1.1
corresponding to figure 6(a); and (e) for vp = 1 corresponding to figure 4(a). Schematic view of
evolution of H corresponding to figure 6(a) is shown in (f).
VI. CONCLUSIONS
In conclusion, we consider electron dynamics in the fields of colliding laser beams. It
shows that the proper choice of canonical variables and effective time, such that the new
Hamiltonian is conserved for electrons in a dominant laser field, greatly simplifies analytical
treatment of the problem and allows us to clearly reveal the physical picture of stochastic
electron dynamics and find the maximum electron kinetic energy. For the case of counter
propagating planar laser beams and dominant laser with relativistic intensity, a > 1, we
find that when the amplitude of perturbative laser (a1 < a) exceeds the threshold value,
stochastic acceleration of electrons becomes possible within some range of H and thus elec-
tron kinetic energy. The maximum electron kinetic energy, which could be gained under
stochastic acceleration, can significantly exceeds the ponderomotive scaling for electron in
the dominant laser only.
For the case of colliding laser waves polarized in the same direction, the presence of initial
condition P¯y 6= 0 will increase the threshold value as shown in equation (15) and narrow
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the stochastic region, provided that it only enlarges the effective electron mass and thus the
impact of the perturbative laser becomes weaker. On the other hand, the presence of |P¯x|<˜a
could decrease the threshold value as shown in figure 3 but |P¯x| ≫ a has the opposite effect.
This is a competing result of increasing the effective electron mass and electron momentum
along the dominant laser electric field. However, P¯x will slightly increase the lower boundary,
Hxmin, of the stochastic region and thus will decrease the ratio of the maximum kinetic energy
γmax ≈ Ep/2Hxmin over the ponderomotive scaling Ep/H0.
For the case where the polarization direction of the perturbative laser is orthogonal to
that of the dominant laser, the threshold value in equation (22) is much larger than that
for lasers being parallel polarized in equation (15) for P¯y = 0. However, the presence of P¯y
could decrease this threshold as shown in equation (27) when a1 < |P¯y|<˜a3/8 and even to
the value comparable to that in equation (15) when |P¯y| > 1. We find that, regardless the
orientation of the perturbative laser, its amplitude a1, as long as it is above the threshold
value for stochasticity, has a weak impact on the lower boundary of the stochastic region
and thus the maximum electron kinetic energy for P¯x = 0.
The impact of superluminal phase velocity vp > 1 on stochastic electron dynamics
is qualitatively discussed in section IV. It shows that the stochastic region for H >√
(v2p − 1)(1 + a2) is not affected by the superluminal phase velocity, whereas for H ≪√
(v2p − 1)(1 + a2), both the variation of H due to the kick and the derivative of the time
interval between two consecutive kicks with respect to H are approximately constant such
that there exists a threshold value of vp, i.e., vps. When vp < vps, the lower boundary is
extended to small negative H and new stability islands appear with increasing vp. Although
the change of the stochastic region in H is small, the maximum electron kinetic energy
is significantly decreased by the superluminal phase velocity. On the other hand, when
vp > vps, the stochasticity is terminated and thus the corresponding electron kinetic energy
is rather limited.
The Hamiltonian equations are numerically integrated, whose results shown in figure 4-
6 are in a very good agreement with the findings from our analytic theory. We notice
that the approach presented in this letter could be applied to many other cases including
electron dynamics in the laser and quasi-stationary electromagnetic fields, in intense laser
and Langmuir waves, etc.
This work was supported by the University of California Office of the President Lab Fee
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Appendix A
The stochastic condition for the case of A1 = a1sin(k1τ)ex and general P¯x can be found
from the point of view of resonant islands overlapping, K¯ = (δω + δω′)/2∆ω > 1. For
this purpose, the unperturbed electron motion can be expressed by using the action-angle
variables (I and θ):
I = −2P¯
2 + a2
2H0
, and θ = ηˆ − a
2sin(2ηˆ)
2(2P¯ 2 + a2)
− 4aP¯x [cos(ηˆ)− 1]
2P¯ 2 + a2
, (A1)
where ηˆ = η − 2npi and the electron oscillating frequency in equation (9) can be written in
terms of I as ω(I) = (2P¯ 2 + a2)/2I2. Given that the electron motion is periodic with θ, we
can expand the first order correction to H in equation (5) in Fourier series:
H1 = 2a1
[
asin(η) + P¯x
]
sin(k1ξ)/χ =
∑
m,n
Vmn(I)e
i(mθ−nk1ξ) + c.c., (A2)
and n = ±1 as seen from equation (5). As a result, the resonance, corresponding to a
constant phase of the perturbation, occurs at ω(I) = nk1/m.
The Fourier coefficients Vmn in equation (A2) are given by
Vmn =
k2
(2pi)2
∫ 2pi/k2
0
∫ 2pi
0
H1(I, θ, ξ)e
−i(mθ−nk2ξ)dθdξ. (A3)
After some algebra, we arrive at
|Vmn| = a
2I
e−imC
∑
h=0,±1
[
ha+ 2δ0hP¯x
]
Cm−h
[
ma2
2(2P¯ 2 + a2)
,
4maP¯x
2P¯ 2 + a2
]
, (A4)
where
CN(α, β) =
∞∑
q=−∞
Jq(α)JN−2q(β)i
N−2q, (A5)
is the generalized Bessel function [24, 34], C = 4aP¯x/(2P¯
2 + a2), and δji is the Kronecker
symbols. Notice that similar result for Vmn was obtained in [24] by using multidimensional
Hamiltonian methods.
The width of the island is approximated [22] as
δω = 4
∣∣∣∣2VmndωdI
∣∣∣∣
1/2
, (A6)
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whereas the spacing between possibly overlapping resonances is
∆ω = |ω(Im′)− ω(Im)| ≈ ω2/k1, (A7)
for |m| ≫ 1. Then the stochastic condition reads
K¯2 = a1
16m2
(2P¯ 2 + a2)
∑
h=0,±1
[
ha + 2δ0hP¯x
]
Cm−h
[
ma2
2(2P¯ 2 + a2)
,
4maP¯x
2P¯ 2 + a2
]
> 1. (A8)
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